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Here we provide a comprehensive study of the fundamental physics both numerically and analytically, of
the combined influence of heterogeneity, viscous forces, gravity, and capillarity on multiphase flow of
CO2 and brine. Specifically, steady-state 3D coreflood displacements in heterogeneous cores over a range
of relevant conditions are simulated to study the impact of sub-core heterogeneity on CO2/brine displace-
ments over a wide range of flowrates. Various degrees of heterogeneity are generated based on the
normal random distribution as well as for real models of cores based on 3D X-Ray tomography. A 2D
semi-analytical model considering gravity and permeability heterogeneity is developed for predicting
brine displacement efficiency over a wide range of capillary numbers that provides good agreement with
the simulated 3D results. The analytical derivation is general and the provided solution can estimate the
flow regimes for horizontal core floods efficiently.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Rock heterogeneity is ubiquitous in geological formation and
exists at every scale: pore-scale (�lm), grain scale (�mm), core-
scale (�0.1 to 10 cm), and field-scale (�10 cm and larger). These
different scales of heterogeneity result in complexity when solving
multiphase flow problems. For example, a typical experimental
CO2 saturation distribution inside a Berea Sandstone rock sample
is shown in Fig. 1. This saturation distribution was measured while
a mixture of CO2 (95%) and brine (5%) were injected into the core
and after the saturation distribution was no longer changing [27].
It is shown that the sub-core scale heterogeneity can affect the
saturation significantly. One interesting and important feature of
the experiment is that capillary barrier results in a large portion
of the core near the outlet end that is almost completely bypassed
by the CO2, which indicates capillary barriers within the rock can
affect flow behavior significantly. If the orientation of a capillary
barrier is perpendicular to the flow direction, the non-wetting
phase fluid in a water-wet system may be trapped inside high per-
meability zones surrounded by low permeability ones [9,11,29]. It
has also been suggested that capillary heterogeneity provides a
new trapping mechanism in carbon sequestration [35] in addition
to structural trapping, residual trapping, dissolution trapping and
mineral trapping. Therefore, in this work, we are focused on under-
standing the influence of spatial heterogeneity at the sub-core
scale (�1 mm3) on multiphase flow of CO2 and brine.

The effect of capillary heterogeneity on immiscible flow in por-
ous medium has been studied extensively in oil/water and oil/gas
systems [5,6,24,33,39,41]. In addition, capillary heterogeneity is also
known to be an important parameter affecting multiphase flow of
CO2 and brine, affecting properties such as saturation profile, capil-
lary pressure and relative permeability [4,16,17,20,28,30,36].

The analytical study of the capillary heterogeneity has been
very limited due to the complexity it introduces to the multiphase
flow problem. Most analytical studies of capillary heterogeneity
are limited to 1D or 2D analyses (e.g. [6,7,8,12,37,39]). The major
conclusion from the 1D studies is that capillary heterogeneity leads
to variable saturation distributions. In general, for very low flow
rates, the saturation distribution mimics the heterogeneity varia-
tion. For higher flow rates the situation is more complex: viscous
forces compete with capillary forces to control the saturation dis-
tribution at the interfaces between different regions in the rock.

Yortsos and Chang [39] studied the one-dimensional
steady-state saturation response to different heterogeneity both
analytically and numerically. Permeability variations are used to
describe the heterogeneity of the core, the Leverett scaling
relationship is used to characterize capillary heterogeneity, and
relative permeability is assumed to be uniform. The 1D analytical
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Nomenclature

A cross section area of the core [m2]
C11 fitting parameter of analytical solutions for homoge-

neous cores
Ca traditional capillary number, lgut/r
H height of the core [m]
J Leverett’s J function
L length of the core [m]
M mobility ratio, kw/kg

NB Bond number, DqgH=p�c
Ncv inverse capillary number, keff Lp�c=H2lgut

Ngv gravity number, DqgkeffL/Hlgut

Rl aspect ratio, L/H
S average saturation
SG steady-state CO2 saturation
a/b functions depending on water or CO2 saturation
d11,22 fitting parameters of analytical solutions for homoge-

neous cores
f fractional flow, 1/(1 + M)
g acceleration [m/s2]
h1 total degree of saturation heterogeneity, Eq. (12b)
k average permeability [md]
kr relative permeability
n functional exponent of CO2 relative permeability
p pressure [Pa]
p�c characteristic capillary pressure [Pa]
t time
u Darcy velocity [N/m]
x/z x- and z-coordinates

Greeks
a proportional factor of second critical gravity number,

12.79737

b1,2 the degrees of heterogeneity in the x- and z-directions,
respectively, Eq. (A-37)

e fitting parameter of analytical solutions for heteroge-
neous cores

k1,2 J-function fitting parameter
k relative mobility, kr/l
l viscosity [cp]
u porosity
DP pressure difference between the average inlet and the

outlet slice values
Dq density difference between CO2 and brine [kg/m3]
r CO2–brine interfacial tension [N/m] or standard devia-

tion
h contact angle, 0�
s total degree of permeability heterogeneity in the porous

medium
x fitting parameter of analytical solutions for heteroge-

neous cores

Subscripts
c capillary
c1/c2 critical number of transition 1/transition 2
g gas (displacing fluid)
j phase
t total
w water (displaced fluid)
wr residual
BL Buckley–Leverett
CO2 CO2 (displacing fluid)
D dimensionless
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model is accurate for large capillary numbers r
ffiffiffiffiffiffiffiffiffi
k�u

p
=Lloqt

� �
. In

addition, they also study the effect of permeability heterogeneity
on viscous dominated Buckley–Leverett type displacements [6]
based on a similar 1D analysis. Three permeability distribution mod-
els are studied: random step, sinusoidal, and correlated models.
They conclude that the effect of capillary heterogeneity on the
saturation profile of a Buckley–Leverett displacement (relatively
high flow rates, small capillary number Ncv) is non-negligible once
the amplitude of permeability variation is high enough and the spa-
tial correlation is small.

Studying the influence of capillary heterogeneity effect in two-
dimensions analytically is even more complex. Simple layered
heterogeneous porous media considering anisotropic perme-
ability has been investigated [41,45]. Both of these works study
incompressible flow in an anisotropic system, and identify flow
Fig. 1. The experimental steady state three-dimensional views of CO2 saturation in
the core for a given fractional flow of CO2 at a given flow rate. The fluids were
injected from right to left [27].
regions dominated by different forces in the vertical direction.
Zhou et al. [45] simplified the corresponding equations in differ-
ent flow regimes and conditions based on dimensionless groups.
However, its application is limited to miscible displacements and
immiscible displacements without gravity effects. Yortsos [41]
takes another approach to identify these flow regimes by using
asymptotic analysis. Although both of these models are include
gravity and capillarity, they only characterize different flow
regions without solving the simplified equations and only trans-
port in the transverse direction is considered. Existing studies
either solve the mass conservation equation by assuming the flow
regime is dominated by a certain force, or generalize the mass
conservation equation without providing the explicit form of
solutions [10].

Dimensional analysis has been shown to be very useful to ana-
lyze the multiphase flow in porous medium [14,19,34,38]. In a
recent study [21], the combined effect of viscous, gravitational,
and capillary forces at the core-scale has been studied numerically
and analytically for homogeneous cores. The major points can be
seen in Fig. 2, where a series of calculated average CO2 saturations
for three different permeability cores are plotted as a function of
gravity number Ngv and Bond number NB. Gravity number Ngv mea-
sures the balance between gravity and viscous forces while Bond
number NB is a ratio of gravity to capillary force. Typically, the
Bond number is based on microscale quantities: B = Dqgk/r. Here
we use a modified version, which is roughly equal to the Bond

number multiplied by the length scale ratio H=
ffiffiffi
k
p

, namely

NB � BH=
ffiffiffi
k
p

.



Table 2
Simulation summary.

Temperature
and pressure

Fluid properties Core
geometry

Simulation grid
data

Tres = 50 �C
Pres = 12.4 MPa

lCO2
= 0.046 cp L = 14.73 cm

H = 4.69 cm
25 � 25 � 31 grids

lw = 0.558 cp Total 19375 grids
qCO2

= 608 kg/m3 5.08 mm grid length
qw = 1005 kg/m3 1.874 mm grid width

Fig. 2. Average CO2 saturation as a function of gravity number Ngv for the
homogeneous cores with three different values of effective permeability (k = 4300,
430, and 43 md) and their corresponding Bond numbers (NB = 0.2, 0.06, 0.02) (from
[21]. The interfacial tension r is kept as a constant, 22.47 mN/m.
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Through these dimensionless numbers we can compare the
relative magnitude between the three physical forces. Fig. 2 illus-
trates that the flow regimes dominated by a certain physical force
can be identified by introducing two transition points Ngv,c1 and
Ngv,c2. For gravity numbers smaller than the first critical number
Ngv,c1 multiphase flow behavior is dominated by the viscous force,
and the average CO2 saturation SBL can be estimated based on the
Buckley and Leverett [1] without considering gravity and capil-
larity. On the other hand, for gravity number larger than the sec-
ond critical number Ngv,c2 (e.g. where flow rates are very low),
the flow regime is dominated by capillary forces. The impact of
gravity is significant between the two transition points. A 2D ana-
lytical solution was developed to predict the average saturation in
homogeneous cores during steady state core flood experiments
over a wide range of relevant conditions. The analytical predictions
show excellent agreement with 3-D numerical simulations of core
floods affected by viscous, gravity and capillary forces.

In this work, 3-D numerical simulations and 2-D theoretical ana-
lysis of heterogeneous rocks are performed to study the issues
described above. First, we perform 3D high resolution simulations
to match the experimental data qualitatively and quantitatively.
Second, we do sensitivity studies including a wide range of rock
types with different types of heterogeneity to investigate the poten-
tial effects on the CO2/brine multiphase flow system. Based on what
was learned from a series of numerical experiments, a two-dimen-
sional theoretical model incorporating gravity, capillary pressure,
and sub-core heterogeneity is then developed to predict the average
saturation of a core as a function of all these variables. The theoreti-
cal model flows the same approach as Kuo and Benson [21].

Table 1 compares the similarity and the difference between the-
se two different approaches. In summary, this comprehensive
study presents numerical and theoretical research efforts that pro-
vide new understanding of CO2 migration in heterogeneous
reservoirs.

2. Methodology

A detailed description of the methodology for numerical
simulations performed in this study can be found in Kuo and
Table 1
Comparison of the differences and similarities between the three-dimensional numerical

Miscible Diffusion Compressible

3D numerical simulation NO NO YES
2D theoretical derivation NO NO NO
Benson [21] and Kuo et al. [20]. Here we briefly highlight some
important features. First, TOUGH2-MP/ECO2N [31,32,43,44] is
used for the numerical simulations. Grid refinement studies were
carried to ensure that grid resolution was sufficiently small to
avoid numerical artifacts. In addition, to avoid numerical artifacts
caused by the time-step size, the initial time step is chosen to have
a small CFL number (uxDt/Dx < 1) for every flow rate, for example,
0.04–0.3. For subsequent time steps, it is automatically adjusted by
TOUGH2 to higher or lower values during a simulation run depen-
dent on the convergence rate. After breakthrough, the time step
size will increase up to the maximum time step size Dtmax set up
at the beginning.

A comparison of simulation results between TOUGH2-MP/
ECO2N and the in-house simulator GPRS (Stanford’s General
Purpose Reservoir Simulator, [2,13,23], which has been optimized
for simulating capillary heterogeneity [23], shows nearly perfect
agreement. Note that it requires significant computational effort
to simulate highly heterogeneous cores. Although convergence
usually takes 3–4 iterations, the time step size Dt is reduced if
the convergence cannot be achieved after 8 iterations (default).
To achieve steady-state saturation distributions using TOUGH2-
MP/ECO2N for typical core flooding experiments in heterogeneous
rocks requires about 24–48 h on a cluster with 4–8 processors.

Second, the capillary pressure gradient between the last slice of
the core and the outlet slice is set to zero to minimize end effects,
as has been shown to provide the boundary condition that most
closely reproduces saturation distributions in the core-flood
experiments [20]. Every simulation is performed at the reservoir
condition 50 �C and 12.4 MPa, with the same initial and boundary
conditions, same fluid properties, core geometry and the same grid
sizes (Table 2). The input curves and the fitting parameters for the
capillary pressure and relative permeability implemented in all the
simulations are the same. We also focus on 95% fractional flow of
CO2 and 5% brine injected simultaneously into a simulated core
at a wide range of flow rates. We select this value for comparison
to the experimental data from Perrin and Benson [28]. In addition,
this fractional flow typically occurs between the average saturation
at the ‘‘front’’ and the average saturation in the plume. For a given
flow rate, simulations of co-injection of CO2 and brine are run until
the pressure drop and core-averaged saturation stabilize. The
externally applied pressure difference is across the horizontal
direction (scale L), while H refers to the lateral length scale. All of
the simulations have been confirmed to run long enough (more
than at least 10 pore volumes injected) to reach steady-state.
Important output parameters include grid cell CO2 saturation,
CO2 pressures and capillary pressures.

Third, to provide a direct comparison to the results for homoge-
neous rocks and therefore to determine the effect of heterogeneity
on brine displacement efficiency, the only parameters changed
simulations and two-dimensional theoretical derivation.

Isotropic Gravity Capillarity Heterogeneity

YES YES YES YES
YES YES YES YES



Fig. 3. A typical range of capillary pressure curves in the simulations, illustrating
the mean capillary pressure curve (Pc,mean) and the bounds in the heterogeneous
core.
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between homogeneous and heterogeneous cores are rock proper-
ties of porous media such as the porosity and permeability values.
The corresponding capillary pressure curves of each grid cell Pc,i are
then scaled by the Leverett J-function:

Pc;iðSwÞ ¼ r cos h

ffiffiffiffiffiffi
ui

ki

r
JðSwÞ ð1Þ

We use the same modified J-function and the same fitting para-
meters of the J-function as in the previous paper [21]. The core is
assumed to be strongly water wet, hence the contact angle h = 0
is used in the simulation. Note that the entry capillary pressure
is zero in this work. Based on the Leverett scaling, constant poros-
ity and permeability values for the homogeneous cores result in a
uniform capillary pressure (Pc,mean) assigned to each grid cell while
a unique pair of porosity and permeability values for the heteroge-
neous cores results in a range of capillary pressure curves within
the boundary between Pc,max and Pc,min (Fig. 3). These capillary
pressure curves are a function of core heterogeneity. A higher
degree of heterogeneity will result in a wider range of saturations
[16,20,30].

A unique capillary pressure curve assigned to each grid is need-
ed to replicate experimental core flood saturation distributions.
Table 3 shows that even when the permeability and porosity vary
within the core, a uniform capillary pressure curve across the core
leads in all cases to a uniform saturation distribution. The last col-
umn demonstrates that the heterogeneity observed in CO2 distri-
bution is introduced only when assigning a unique capillary
pressure curve to each grid cell. Therefore, to replicate the kind
of spatial variations in CO2 saturation observed in the experiments,
the capillary pressure characteristic curve must be different in each
grid element. The finding on Table 3, that it is capillary pressure
Table 3
The results of four simulations performed at the 50% fractional flow of CO2 with differen
curves. The functions and fitting parameters of relative permeability curves are the same.

Porosity u

Uniform, φmean

Permeability k

Uniform, kmean

Capillary pressure Pc Uniform, Pc,mean

Saturation distribution/average saturation SCO2

24.38%
heterogeneity that results in saturation heterogeneity, is important
and validates previous approaches in this area [42].
3. 3D numerical studies for the heterogeneous cores

3.1. Heterogeneous rock properties

The first part of this section will present results of 3D numerical
simulations to illustrate the influence of sub-core scale hetero-
geneities on saturation distributions. To generate different hetero-
geneity distributions, two methods are used. The first method for
assigning heterogeneity uses a constant porosity distribution
(u = 0.202) and the four different degrees of permeability hetero-
geneity are generated based on a random log-normal distribution
with a standard deviation of rlnk.

The other type of heterogeneity distribution is generated using
a porosity-based approach, which is commonly used in the litera-
ture [16,25,26]. We have two permeability fields generated from
porosity–permeability models (Kozeny–Carman model and High
Contrast model) based on the measured porosity values of Berea
Sandstone [28]. Kozeny–Carman model generates three-dimen-
sional permeability maps based on the Kozeny–Carman equation

[3,15], ki / u3
i =ð1�uiÞ

2, where ui is a pixel value in the porosity
map, and ki is the corresponding calculated permeability value.
To increase the contrast in permeability and hence increase the
degree of heterogeneity, an alternative empirical rock property
model (called High Contrast model) is created as follows:
ki / exp 64u4

i � 6
� �

. Both methods are implemented with isotropic
permeability (kx = ky = kz) for every grid cell and the mean perme-
ability ranges from about 250 to 430 md. The standard deviations
and their permeability distributions are listed in Table 4.

Although the permeability is assigned randomly, there is some
degree of anisotropy apparent for the Random 3 and Random 4
cores due to the rectangular shape of the grid cells. Since all the
grid size used in the simulation is 5.08 � 1.87 � 1.87 mm, it results
in some spatial correlation of properties in the flow direction. The
effective permeability is not strictly isotropic even though we
assign kx = ky = kz for every grid cell. However, the effect of aniso-
tropy caused by the shape of grids would not affect our results sig-
nificantly; hence ‘‘Random’’ distribution cores are used in this
work to refer these quasi-random distribution models.

The standard deviation of permeability (rlnk) ranges from 0 to
2.65. Even though the statistical mean permeability is chosen to
be 430 md for most of the cases, the absolute permeability of the
core or the so-called effective permeability (keff) for different
heterogeneous representations is different as shown in Table 4.
Effective permeability is calculated based on the single phase
Darcy’s law: injecting solely brine into a brine-saturated core at a
given flow rate and calculating pressure drop across the core after
steady-state. The effective permeability is around 430 md for the
t input parameters of the rock such as porosity, permeability and capillary pressure
The flow rate is at the viscous-dominated regime.

Measured, φi Measured, φi Measured, φi

Uniform, kmean K-C Model, ki K-C Model, ki

Uniform, Pc,mean Uniform, Pc,mean Various, Pc,i

24.38% 24.26% 21.24%



Table 4
Summary of all the 3D permeability distributions used for this study. Random 1–4 cases and the two porosity-based permeability fields.

Permeability realizations Porosity u Effective
permeability keff (md)

Standard
deviation rlnk (md)

Heterogeneous
factor rlnk/ln(keff)

Homogeneous 0.202 430 0 0

Random 1 0.202 432 0.0236 0.0039

Random 2 0.202 430 0.2540 0.0419

Berea (Kozeny–Carman) ki / u3
i =ð1�uiÞ

2 Various 430 0.2757 0.0455

Berea (High Contrast) ki / exp 64u4
i � 6

� �
Various 318 0.9602 0.1666

Random 3 0.202 366 1.3679 0.2317

Random 4 0.202 254 2.6542 0.4793
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cores with a small degree of heterogeneity. Moreover, the degree of
heterogeneity is represented by the dimensionless parameter rlnk/
ln(keff). A relatively homogeneous medium has a small rlnk/ln(keff)
and its permeability variation approaches to zero, while a highly
heterogeneous porous medium can have large values of rlnk/
ln(keff). In this study, rlnk/ln(keff) ranges from about 0 to 0.5.

Fig. 4 illustrates both the slice-average permeability and the
corresponding steady-state average saturation (at the 6 ml/min
total injection rate where the conventional capillary number
Ca ¼ utlCO2

=r is about 10�7) along the flow direction for four ran-
dom distributions. Random 1 (rlnk/lnkeff = 0.004) has the most uni-
form permeability profile while the Random 4 (rlnk/lnkeff = 0.48)
has the widest range of slice averaged permeability values along
the length of the core. It is observed that large variations over small
length scales result in a relatively large variation in the saturation
profile, similar to published results for 1D systems [5,39]. It is also
consistent with the experimental results showing that relatively
Fig. 4. Random Permeability Distribution: Four different random permeability profiles
xD = x/L is the dimensionless coordinates in the x direction. xD = 0 is the inlet end of the
homogeneous cores result in the smoothly varying saturation pro-
files, while the saturation distributions of very heterogeneous
cores are variable [18]. Importantly, these graphs also show that
for randomly distributed heterogeneity (and the same fractional
flow), the larger the degree of heterogeneity, the lower average
CO2 saturation in the core.

Similarly, Fig. 5 illustrates the slice-averaged porosity profile
and its two corresponding permeability profiles as well as the cor-
responding saturation profiles made at the small inverse capillary
numbers (within the viscous dominated regime). The porosity of
Berea Sandstone varies within a small range. For the small degree
of heterogeneity (Kozeny–Carman permeability model, rlnk/lnkeff -
� 0.05), the results are nearly indistinguishable from the homoge-
neous case. For the model with a higher degree of heterogeneity
(High Contrast model, rlnk/lnkeff = 0.167), the slice-average satura-
tion varies significantly along the length of the core and the aver-
age saturation is lower. These results are qualitatively consistent
with the results from the random distribution.
and the corresponding average CO2 saturations in the viscous-dominated regime.
core while xD = 1 is the outlet end.



Fig. 5. (LHS) Porosity-based Permeability Distribution: Average porosity and two permeabilities (RHS) average CO2 saturation along the flow direction for three different
heterogeneous cores (homogeneous model, Kozeny–Carman model, and High Contrast model).

Table 5
Summary of sensitivity studies for High Contrast and Random 3 models.

q, ml/min r, mN/m k = keff, md NB

High Contrast models
Base case (r, k) 0.005-24 22.47 318 0.0523
Sensitivity 1 (3r, k) 0.1-18 67.41 318 0.0174
Sensitivity 2 (r/3, k) 0.01-6 7.49 318 0.1568
Sensitivity 3 (r, 0.1k) 0.001-6 22.47 31.8 0.0165
Sensitivity 4 (r, 10k) 0.01-48 22.47 3180 0.1654

Random 3 models
Base case (r, k) 0.005-18 22.47 366 0.056
Sensitivity 1 (r/3, k) 0.01-3.6 7.49 366 0.168
Sensitivity 2 (r, 0.1k) 0.005-3.6 22.47 36.6 0.018
Sensitivity 3 (r, 10k) 0.05-48 22.47 3660 0.177
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Comparing Figs. 4 and 5, the permeability distributions generat-
ed from the porosity values of a real rock change more smoothly
than the random distributions and have spatially correlated low
permeability features aligned sub-parallel to the axis of the core,
shown in Table 4.

3.2. Sensitivity studies

Similar to the approach used to study homogeneous cores [21],
we investigate the significance of flow rate, interfacial tension, and
core permeability on the CO2/brine flow systems for the heteroge-
neous cores. Flow rate is changed by several orders of magnitude,
from 0.005 ml/min up to 24 ml/min; interfacial tension (r) and
core permeability are again varied by two orders of magnitudes
to study a range of values. The results are for a 95% CO2 – 5% brine
mixture and only the High Contrast model and Random 3 model
will be shown. Table 5 shows the summary of sensitivity studies
and their corresponding Bond numbers for the two models.
Based on the Leverett scaling (Eq. (1)), the effect of interfacial ten-
sion changes from r to 3r or r/3 is similar to the effect of perme-
ability changes from k to 0.1k or 10k. Simulations have confirmed
this conclusion and therefore only results for a wide range of per-
meability values are shown in this study.

The simulation outputs (the average saturation in the core) of
all the sensitivity cases will be analyzed in terms of dimensionless
parameters (Fig. 6) such as traditional capillary number
Ca ¼ utlCO2

=r, inverse capillary number Ncv, and gravity number
Ngv (see Eq. (2b) for definitions of Ncv and Ngv). These dimensionless
groups arise from the dimensional analysis of the continuum,
macroscopic scale [21]. Each curve shown in Fig. 6 represents a
sensitivity case with a constant Bond number (Table 5); flow rate
is the only variable changing. The top figures are the simulation
outputs analyzed in terms of Ca, while the middle figures are the
same data analyzed in terms of Ngv. The standard capillary number
Ca depends only on the microscale properties of the rock. Noted
that Ca is calculated based on the gas viscosity ðlCO2

¼ 0:046 cpÞ.
All curves would shift forward by about one order of magnitude
if Ca was based on the brine viscosity (lw = 0.558 cp). The inverse

capillary number is roughly defined as Ncv � L
ffiffiffi
k
p

=H2 Ca, including
the additional aspect ratio parameter L/H. This should be noted
to avoid confusion with the typical capillary number. For ease of
comparison, sensitivity studies on permeability for the homoge-
neous cores are also illustrated in the same graph. Solid lines rep-
resent the homogeneous saturations while dashed lines represent
the heterogeneous ones.

As discussed extensively in Kuo and Benson [21], plotting the
average saturations for homogeneous cores in terms of gravity
number can distinguish three flow regimes clearly. Similar flow
behavior are observed for the heterogeneous cores (Fig. 6): a vis-
cous-dominated regime where the saturation is nearly constant;
a viscous-capillary transition regime where the average saturation
is strongly dependent on the dimensionless numbers; and a capil-
lary-dominated regime characterized by low saturations with a
small dependence on the dimensionless variables.

In addition, the transitions from the viscous- to viscous-capil-
lary transition regimes and from the transition to the capillary-
dominated regimes occur earlier for higher degrees of heterogene-
ity. Capillary heterogeneity not only reduces the average saturation
in the viscous-dominated regime but also increases the flowrate
dependency, which implies that higher flow rates are required to
reach the viscous-dominated regime.

Unlike the case for homogeneous cores where the gravity num-
ber can be used to normalize the results, the results suggest that
Ncv is a better dimensionless number to distinguish the transitions
when considering capillary heterogeneity (the bottom row figures
in Fig. 6). It is even clear for the strong degree of heterogeneity cas-
es (ex. Random 3 model) where three different sensitivity cases are
collapsed together. An important macroscopic limit, namely the
one at large capillary numbers Ncv or in the limit of extremely slow
displacement, is observed that the overall gas saturation is vanish-
ingly small at breakthrough. At this limit, the viscous force is
almost absent and the saturation distribution obeys Invasion
Percolation rules, as explored in detail by Yortsos et al. [40], where
the permeability heterogeneity is taken into account.

Similar to the approach for the homogeneous results, we can
look at the pressure gradients for the three physical forces. It turns
out that the viscous force is always greater than the buoyancy force
within the flowrate range we are interested in. Therefore, unlike
the homogeneous results described in Kuo and Benson [21], the
point at which gravity and viscous forces are equal cannot define
transition between the first and second flow regimes. However,



Fig. 6. Average CO2 saturation as a function of traditional capillary number Ca, inverse capillary number Ncv, and gravity number Ngv for the two heterogeneous cores: High
Contrast model (LHS) and Random 3 model (RHS). The interfacial tension r is kept as a constant, 22.47 mN/m. Solid lines are used for homogeneous cores and dashed lines are
used for heterogeneous cores.

Fig. 7. Core average CO2 saturation for the two types of cores over a wide range of capillary numbers Ncv. The interfacial tensions r for all cases is 22.47 mN/m and the
effective permeability varies from 254 to 570 md. The fractional flow of CO2 is 95%.
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the second transition still roughly occurs when the viscous pres-
sure drop and the capillary pressure drop in the flow direction
are nearly equal.
To solely study the effects of heterogeneity on brine displace-
ment efficiency at reservoir conditions, we simulate different
degrees of heterogeneity, listed in Table 4, with 0.95 fractional flow



Table 6
Summary of constant coefficients in Eq. (2).

d11 d22 C11 a

2.0894 5.57607 56.78 12.79737
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of CO2. All of the cases have the same simulation parameters,
namely, relative permeability curves, capillary pressure curves,
reservoir conditions, and grid size, etc. The only things changed
are the permeability and/or porosity distribution of porous medi-
um. Fig. 7 shows the average saturation for the two types of
heterogeneous cores listed in Table 4 over a wide range of flow
rates, hence capillary numbers Ncv. Although they exhibit different
behaviors, it is clear that a higher degree of heterogeneity (higher
rlnk/lnkeff) results in a lower average saturation in the core and
increases the flowrate dependency of brine displacement efficien-
cy. Therefore, the two transitions separating three regimes occur
earlier than the homogeneous results at smaller capillary numbers.
Note that the saturations for the Kozeny–Carman model are lower
than for the Random 2 model even though they have similar
heterogeneity factor (rlnk/lnkeff � 0.05). This is mainly due to the
presence of a capillary barrier close to the outlet end of core that
prevents CO2 from entering a portion of the core.

4. Theoretical analysis of multiphase displacement efficiency in
heterogeneous cores

The second part of this paper presents a 2D analytical solution
incorporating the influence of heterogeneity, which provides more
realistic predictions for heterogeneous rocks. Since this analysis is
an extension of the methods developed for homogeneous cores
[21], the solution is provided at the beginning of this section for
the reference. Next, a general form of the solution for the heteroge-
neous cores is derived and the constraints from 3D high-resolution
simulations are applied to obtain the final semi-analytical solution.
Only the concept of derivation is explained generally here while
the detailed derivation provided in Appendix A. The analysis relies
on accepting a macroscopic, continuum flow description, namely
upscaling issues associated with pore-scale effects [22,42] are not
questioned.

4.1. 2D analytical saturations for the homogeneous model

A brief summary of 2D analytical results for the homogeneous
model is shown in Eq. (2). For easier comparison, we use the defini-
tion of Ngv = NcvNB to rewrite the solution in terms of capillary
number Ncv:

�SCO2 ¼ SBL þ C1 e
�d2

NB
Ngv ;c2 � 1

� �
e�d1

R2
1

Ngv ;c1
Ngv

¼ SBL þ C1 e
� d2

Ncv ;c2 � 1
� �

e�d1
R2

1
Ncv ;c1
Ncv ð2aÞ

Ncv ¼
keff Lp�c

H2lCO2
ut

; Ngv ¼
Dqgkeff L
HlCO2

ut
and NB �

Ngv

Ncv
¼ DqgH

p�c
ð2bÞ

Ncv;c1 ¼
1

NB

f CO2
R1

krgðSBLÞ
and Ncv;c2 ¼

1
NB

a
R3=2

1

SBL
ð2cÞ

C1 ¼
C11

NB
; d1 ¼

d11

R1
ffiffiffiffiffi
R1
p and d2 ¼

R1
ffiffiffiffiffi
R1
p

d22
ð2dÞ

where SBL is the traditional Buckley–Leverett solution, determined
solely from the fractional flow curve. Inverse capillary number Ncv

(Eq. (2b)), gravity number Ngv (Eq. (2b)) and Bond number NB are
the same definitions as used in Kuo and Benson [21], except k = keff

is defined as the effective permeability. p�c is the characteristic cap-
illary pressure, chosen as a so-called displacement capillary pres-
sure in this study. The aspect ratio Rl = L/H is controlled the size
of the system. The two critical numbers Ncv,c1 and Ncv,c2 are defined
in Eq. (2c). a, C11, d11 and d22 are constant parameters determined
by curve matching the semi-analytical solution with the simulation
results for homogeneous cores. The values are provided in Table 6.

The core average saturation depends on two terms: SBL and a
correctional term that combines the interactions between all three
forces through the dimensionless numbers and the aspect ratio.
Therefore, Eq. (2) is a modified Buckley–Leverett solution; it shows
that gravity and capillarity can have significant impact on the brine
displacement efficiency once the flow rate is small (Fig. 2).

4.2. 2D general solution for heterogeneous rocks

To predict the simulation results observed in the previous sec-
tion, we consider steady-state, two-dimensional flow (x–z direc-
tion) of two immiscible phases. The properties of this 2D porous
medium are heterogeneous and each grid cell has isotropic proper-
ties. Using standard terminology and notation, the mass conserva-
tion equation of gas phase is described by the following [21]:

1
u

@

@x
ut

kkw
� @pc

@x

� �
Mkkg

1þM

	 

þ 1

u
@

@z
Dqg � @pc
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� �
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1þM

	 

¼ 0 ð3Þ

The approach used to develop the analytical solution is similar
to the derivation in homogeneous cores, except now the perme-
ability and hence the capillary pressure values vary spatially:

pcðSw; x; zÞ ¼ r cos h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u

kðx; zÞ

r
JðSwÞ ð4Þ

For the analysis in this paper, we consider only permeability
heterogeneity (and consequent capillary heterogeneity) while por-
osity, interfacial tension, and contact angle remain constant.
However, the same approach could also be applied to these differ-
ent types of heterogeneities. To non-dimensionlize the equation,
we define xD = x/L, zD = z/H, and tD = tut/uL as well as introducing
a dimensionless variable s(xD, zD) to represent permeability hetero-
geneity [39]:

sðxD; zDÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðxD; zDÞ

keff

s
ð5Þ

Based on the definition of Eq. (4), we can obtain
pc ¼ r cos h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u=keff

p
J

� �
=s. In addition, for simplification, we intro-

duce variables defined by Chang and Yortsos [6] as H = �fwkrgJ0

and G = fwkrgJ. Substituting all the variables into Eq. (3), the dimen-
sionless mass conservation equation at steady-state becomes:
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where SG is the steady-state CO2 saturation dependent on the space
(x–z coordinates), f CO2

= 1/(1 + M) and fw = M/(1 + M) are fractional
flows of CO2 and water, respectively, and M = kw/kg = lgkrw/lwkrg

is the mobility ratio. Important variables are the capillary number
Ncv, Bond number NB, aspect ratio Rl = L/H, and the heterogeneity
function s(xD, zD). Incorporating capillary heterogeneity into the
mass conservation equations results in a high degree of complexity.
The right hand side of Eq. (6) is known as the capillary dispersion
term. Using a similar strategy to that used for development of the
semi-analytical solution for homogeneous cores and assuming all
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the variables are continuous functions (for saturation this will only
be true if all grid cells have a capillary entry pressure of zero); we
can obtain the general form of two-dimensional time-independent
CO2 saturation SG for the heterogeneous cores:

SG ¼ CHete
1 e�sNBbzD þ CHete

2

� �
e�

1
s

R2
1

Ncv
axD þ CHete

3 e�sNBbzD þ C4 ð7aÞ

The unknown coefficients CHete
1 , CHete

2 , CHete
3 and C4 not only

depend on location but also on the heterogeneity of the rock:

CHete
1 ¼ C1e�eðlnsÞzzD e�eðln sÞxxD ; CHete

2 ¼ C2e�eðlnsÞxxD and

CHete
3 ¼ C3e�eðlnsÞzzD ð7bÞ

The definitions of two variables, a and b, in the exponent
terms are the same as defined in the homogeneous analysis
(a / f CO2

=krg and b / f CO2
). C1, C2, C3 and C4 are functions of

coordinate xD and zD. (lns)x and (lns)z are the heterogeneity
gradients in the flow direction x and vertical direction z, respec-
tively. The variable e is defined as Jb � 1 where J is the
Leverett-J function.

For the homogeneous cases, k(xD, zD) = keff, which results in s = 1
and lns = 0. The general solution (Eq. (7)) can therefore reduces to
the general solution of the homogeneous model shown in Kuo and
Benson [21]. Consequently, C1, C2, C3 and C4 are the same functions
introduced in the homogeneous derivation. A detailed derivation of
Eq. (7) is provided in Appendix A.1.

4.3. 2D general solution for heterogeneous rocks using simulation
constraints

Since it is difficult to integrate Eq. (7) to calculate the average
core saturation, we solve the equation for the saturation at a par-
ticular point (x0,D, z0,D) that is representative of the core average
saturation �SCO2 � SG x0;D; z0;Dð Þ. Now CHete

1 , CHete
2 , CHete

3 , C4 and s
become some single valued functions of x0,D and z0,D. Similarly, to
eliminate some unknown coefficients, we apply several observa-
tions from the simulation results to the general solution. First, in
the viscous-dominated regime (Ncv 6 Ncv,c1), the average saturation
is independent of capillary and Bond numbers (Fig. 6):

@�SCO2

@Ncv
! 0 and

@�SCO2

@NB
! 0 ð8Þ

Second, in the capillary-dominated regime (Ncv P Ncv,c2), the
average saturation is independent of the Bond number:

@�SCO2

@NB
ffi 0 ð9Þ

Applying simulation constraints to the general equation and
using the homogeneous solution as a reference, we can eliminate
several unknown coefficients. A detailed derivation is provided in
Appendix A.2.

As mentioned before, the parameter s (Eq. (5)) is represented as
permeability heterogeneity and hence is related to the dimension-
less heterogeneity factor, rlnk/ln(keff). The mathematical represen-
tation of the parameter s in terms of the heterogeneity factor is
provided in Eq. (10). See Appendix A.3 for a detailed description
of the derivation.

s x0;D; z0;Dð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k x0;D; z0;Dð Þ

keff

s
¼ e

xb2
rlnk

lnðkeff Þ
z0;D ð10Þ

x � 1þ b1x0;D

b2z0;D
ð11Þ
s illustrates the total degree of permeability heterogeneity in
the porous medium. b1 and b2, defined in Appendix A.3 (Eq. (A-
37)), measure the degrees of heterogeneity in the x and z direc-
tions, respectively. The large value of b1 or b2 represents the large
degree of heterogeneity in that direction. x is an isotropic para-
meter, which can indicate the anisotropic of the permeability field
(Eq. (11)). More investigation and discussion about s and x will be
provided later.

Applying all the simulation constraints to the general solution
(Eq. (7)), we can predict the average CO2 saturation for heteroge-
neous cores in terms of several dimensionless numbers:

�SCO2 ¼ SHete
BL þ CHete

1 e
� d2

NHete
cv ;c2 � SBL
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BL

 !
e�d1

R2
l
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SHete
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1
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Rl
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� � and NHete
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1
sNB

a
R3=2

l
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 !
ð12cÞ

CHete
1 ¼ 1

se
C11

NB
; d1 ¼

d11

Rl
ffiffiffiffi
Rl
p and d2 ¼

Rl
ffiffiffiffi
Rl
p

d22
ð12dÞ

Similar to the homogeneous solution (Eq. (2)), Eq. (12a) is a gen-
eralized Buckley–Leverett solution, which contains two terms:
�SCO2 ¼ SHete

BL � DS. First, the core average saturation depends on

SHete
BL , the average CO2 saturation of the heterogeneous core in the

viscous-dominated regime (Ncv 6 Ncv,c1). SHete
BL is the Buckley–

Leverett solution that takes into account heterogeneity (Eq.
(12b)). Second, the core average saturation also depends on a cor-
rectional term DS that not only depends on the viscous, capillary,
and gravity forces as well as the size of multiphase flow system
but also depends on the rock heterogeneity.

Eq. (12b) shows that the capillary heterogeneity has a sig-
nificant effect on the average saturation of a BL displacement, or
from a different perspective, has a significant impact on the rela-
tive permeability of the core. The effect is important even for large
flow rates within the viscous-dominated regime if the degree of
heterogeneity is large (Fig. 7). This is because the capillary hetero-
geneity terms GNcv(os/oxD)/Rl

2 and GNcv(os/ozD) in the mass conser-
vation equation (Eq. (6)) are not negligible even for small values of
Ncv once we have large variations of heterogeneity (large os/oxD

and os/ozD).
The factor h1 is a measure of the degree of heterogeneity of the

BL saturation. When the system is very heterogeneous, the value of
h1 is small. It is dependent on the heterogeneity gradient in the
vertical direction (lns)z as well as the parameter e (Eq. (12b)).
Since h1 6 1, the average saturation for the heterogeneous cores
is always lower than the Buckley–Leverett solution, which is rea-
sonable and consistent with the simulation results (Fig. 7). Based
on the definitions of s (Eq. (10)) and h1 (Eq. (12b)), we can rewrite
the total degree of heterogeneity factor s in terms of h1 and the two
parameters x and e:

s ¼ e
x b2z0;D

rlnk
lnðkeff Þ

� �
¼ h�x=e

1 ð13Þ

Therefore, the two critical capillary numbers for the heteroge-
neous cores, NHete

cv ;c1 and NHete
cv ;c2, and coefficients CHete

1 can be related
to the homogeneous studies as follows:

NHete
cv;c1 ¼

1
shn

1

Ncv;c1 ¼ hx=e�n
1 Ncv;c1 ð14aÞ
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NHete
cv;c2 ¼

1
sh1

Ncv ;c2 ¼ hx=e�1
1 Ncv ;c2 ð14bÞ

CHete
1 ¼ 1

se C1 ¼ hx
1 C1 ð14cÞ

where the relative permeability function for CO2 used in this paper
is krg(S) = [S/(1 � Swr)]n. In this case, n = 3. d1 and d2 are the same
functions used in the homogeneous solution. C11, a, d11, and d22

are constant parameters, which have already been shown in
Table 6.

For a specific core permeability distribution, smaller e or larger
x leads to the larger degree of heterogeneity s, and the two critical
numbers Ncv,c1 and Ncv,c2 will occur at the smaller capillary num-
bers, and vice versa. Since only x controls the slope of the satura-
tion curve (Eq. (14c)), the increase of x results in the smaller DS
and hence larger values of the average CO2 saturation, �SCO2 .
Therefore, when x increases/decreases at a constant e, the latter
part of the curve will shift upward/downward. At a given x, the
whole curve will shift to the left/right if e decreases/increases.

In summary, the only unknown parameters introduced in Eq.
(12) for the heterogeneous cores are h1, x and e while all the other
parameters reduce to those of the homogeneous solution. The
heterogeneous solution, Eq. (12a–d), can naturally reduces to the
homogeneous solution (Eq. (2)) when s = 1, which provides the
consistency. For example, for the homogeneous porous medium,
s = 1, hence lns = 0 and h1 = 1; we can obtain SHete

BL ¼ SBL, therefore

NHete
cv ;c1 = Ncv,c1 and NHete

cv;c2 = Ncv,c2.

4.4. Approximate semi-analytical solution

Traditionally the mass conservation equation is solved by sim-
plifying the conservation equations into different flow regimes
Fig. 8. Plotting the average CO2 saturation, SHete
BL , as a function of normalized standa

permeability cores listed in Table 4 (RHS).

Fig. 9. Comparison of average CO2 saturation as a function of capillary number Ncv betw
the Random 3 model (RHS).
[41,45] or by generalizing the traditional mass conservation equa-
tions without providing the explicit form of solutions [10]. Here we
provide a solution that is more general and can predict the solution
of the CO2 saturation explicitly.

To accomplish this we reduce the three unknown coefficients
(h1, x and e) to two based on the simulation results shown in
Fig. 7. Plotting the modified Buckley–Leverett solutions SHete

BL as a
function of normalized standard deviation factor rlnk/ln(keff) for
random permeability cores can obtain a near-perfect linear corre-
lation (LHS of Fig. 8):

SHete
BL ¼ 0:324� 0:1788

rlnk

lnðkeff Þ
¼ 1� 0:55185

rlnk

lnðkeff Þ

� �
SBL ð15Þ

For cores with structured heterogeneities a reasonably good
correlation is also observed (RHS of Fig. 8). Therefore, h1 can be
evaluated according to the definition shown in Eq. (12b):

h1 �
SHete

BL

SBL
ð16Þ

Note that the larger degree of heterogeneity will result in the
smaller h1 or smaller Buckley–Leverett saturation and hence small-
er critical numbers. The slope of the curve is also decrease based on
Eq. (14c) and can be seen from Fig. 7.

In conclusion, the only unknown variables x and e will be con-
sidered as fitting parameters to match the simulation results. By
adjusting these two values, the semi-analytical predictions agree
with the simulation results quite well, with the exception of the
capillary dominated regime for the random permeability core.
Fig. 9 shows good agreement between the simulated results and
the theoretical predictions for the average CO2 saturations of base
cases for the High Contrast model (LHS) and the Random 3 model
(RHS), respectively.
rd deviation factor rlnk/ln(keff) for random permeability cores (LHS) and all the

een theoretical values and simulation results for the High Contrast model (LHS) and



C.-W. Kuo, S.M. Benson / Advances in Water Resources 79 (2015) 1–17 11
4.5. Verification of the analytical model

The validation of analytical model for heterogeneous cores
based on Eq. (12) is presented in this section. The values of two fit-
ting parameters e and x are different for different sensitivity cases
and are provided in Appendix B with other relevant dimensionless
numbers.

4.5.1. Variable permeability
Fig. 10 compares the simulation results and the predicted val-

ues based on Eq. (12) for two models in a wide range of perme-
ability. As shown, we can replicate the simulation results quite
well. The prediction is even better for the random distribution core
(Fig. 10b) for both permeability values. A slight mismatch observed
Fig. 11. Sensitivity studies of different fractional flows of CO2

Fig. 10. Sensitivity studies of permeability for (a) H
at the High Contrast model (0.1k) is probably due to the small Bond
number (NB = 0.0165) and the lack of information related to the
correlated permeability distribution observed in the cores.
4.5.2. Variable fractional flows of CO2 (HC model)
Fig. 11 shows the average CO2 saturations of the High Contrast

model as a function of capillary numbers for four different CO2

fractional flows, 0.95, 0.79, 0.51 and 0.34. The heterogeneous factor
s stays constant for four cases since it is the same core. Although
the same input relative permeability curves are used, different
fractional flow of CO2 results in different Buckley–Leverett solution
SHete

BL and hence different krg(SHete
BL ) values. Again, the semi-analytical

model predicts average saturations very well.
for High Contrast models (f CO2
= 95%, 79%, 51% and 34%).

igh Contrast models and (b) Random 3 models.



Fig. 12. Sensitivity studies of aspect ratio (Rl = 6.2890) for High Contrast models.

Fig. 13. Comparison of average CO2 saturation as a function of capillary number Ncv be
degrees of heterogeneous cores and (b) large degrees of heterogeneous cores. Note that
equal to the homogeneous core.
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4.5.3. Variable core dimensions
One sensitivity study on the aspect ratio Rl is performed to test

the semi-analytical model. The solution works well for the limited
cases studied (Fig. 12). Since the input relative permeability curves
and the fractional flow of CO2 ðf CO2

¼ 0:95Þ for this case are the
same as for the base case of the High Contrast model, we can
expect the modified Buckley–Leverett solution SHete

BL to remain the
same.

4.5.4. Variable heterogeneity
The final cases to test the semi-analytical solution use different

degrees of heterogeneity, listed in Table 4. Since different degrees
of heterogeneity result in different values of s, therefore the mod-
ified Buckley–Leverett solution SHete

BL , krg(SHete
BL ), the slope coefficient
tween theoretical values and simulation results for sensitivity studies of (a) small
for very small amount of heterogeneity ðrlnk= ln keff ¼ 0:004Þ, the results are nearly



Table 7
Summary of x and x/e for two permeability models in the Bond number range of 0.02
to 0.2.

x R2 x/e R2

Berea sandstone core 0.6d3 + 77.6 0.91 0.315d3 + 21.1 0.84
Randomly distributed core 0.352d3 + 40.3 0.93 0.323d3 + 6.75 0.94

C.-W. Kuo, S.M. Benson / Advances in Water Resources 79 (2015) 1–17 13
C1
Hete as well as the two critical numbers NHete

cv ;c1 and NHete
cv ;c2 are

expected to be different for each case. Fig. 13 shows the average
CO2 saturations as a function of capillary numbers for seven mod-
els. We use the semi-analytical solution for the homogeneous cores
(Eq. (2)) to predict cases with the small degree of heterogeneity
(Fig. 13a) while the heterogeneous semi-analytical solution is used
to predict cases with the large degree of heterogeneity (Fig. 13b).
The values of x and e for each case are listed in Table B.1
(Appendix B).

The results show that the 2D semi-analytical model predicts the
average saturation for different heterogeneous cores very well.
Specifically, the average saturation in the viscous dominated
region is accurately predicted and the transitions between differ-
ent flow regimes occur at the correct capillary number. Even for
different types of permeability distributions, the semi-analytical
solutions still match the simulation results well.
5. Discussion

The results shown in this work were mostly achieved with a
specific core-shaped geometry and a limited number of perme-
ability distribution. The heterogeneous porous medium is either
based on a one specific rock or using a random log-normal distri-
bution. The limitations inherent in the results are discussed in
the following. First, if there are two systems with the same aspect
ratio but the physical dimensions of the porous medium are meters
instead of centimeters, the dimensionless plots which show the
saturations are expected to be still valid. However, this needs to
be confirmed with the large scale simulations. Additionally, the
results of specific distributions of permeability and a specific mea-
sure of heterogeneity should be qualitatively applied to a system,
which is encountered different heterogeneity than what examined
here. Therefore, to quantitatively predict the average saturation
with different heterogeneity distributions, a systematic investiga-
tion on cores with various correlation lengths is needed to gener-
alize and extend the analytical solution to a wider range of rock
types. Although we did not consider the correlation length and ani-
sotropy in the derivation, it is not difficult to extend the derivation
to include these two terms. Nevertheless, the ‘‘anisotropy’’ in the
core is small because the ratio between the grid size in the x and
z directions (which is the origin of the anisotropy) is about 3.
This small amount of anisotropy is unlikely to have a large effect
on the conclusions.

Note that this work cannot be applied to the miscible multi-
phase flow systems since all the simulations and all the theoretical
work consider the capillary pressure. In addition, the results shown
here have only studied the physical behavior of multiphase flow
system, there is no chemical reactions considered in the simulation
or the theoretical analysis. Therefore, the results drawn from here
may not apply to carbonate systems, which have significant chemi-
cal reactions between the fluids and rock.

As mentioned earlier, the only fitting parameters are x and e.
Although we can adjust x and e to fit the simulation results very
well, it is difficult to find a general functional form for x and e
based on the limited sensitivity studies and only two types of per-
meability distributions (Tables B.2 and B.3). However, we know
that the ratio x/e controls the degree of heterogeneity s (Eq.
(13)) and hence the two critical numbers, while x controls the
slope of the saturation curve (Eq. (14)) and hence the saturation
values in the latter part of the flow regime (DS). We are able to find
some correlations between these two parameters and the other
important dimensionless numbers such as the fractional flows of
CO2 ðf CO2

Þ, CO2 relative permeability evaluated at the modified

Buckley–Leverett saturation krg(SHete
BL ), aspect ratio (Rl), normalized
standard deviation of permeability (rlnk/lnkeff), and the Bond num-
ber (NB):

x and x=e / d3 � f CO2
krgðSHete

BL ÞR
2
l

. rlnk

lnðkeff Þ
NB

	 

ð17Þ

Table 7 shows the functional forms of x and x/e in terms of d3

and that the corresponding correlation coefficients R2 are larger
than 0.8. It shows that different heterogeneous cores have different
dependency. Since we only have limited sensitivity studies for two
heterogeneous models, further investigation is needed in the
future to generalize solutions by exploring the sensitivity to these
parameters.

Some possibilities may contribute to the mismatch observed in
the results for the low flow rate regimes. First, for example, the
assumptions used in the derivation that the gradients of heterogene-
ity sx and sz (Eq. (A-3)) are independent of xD and zD respectively are
useful to simplify the model and also suitable for the random distri-
bution cores, but this could not be true once we have capillary bar-
rier inside the core. The lack of considering the correlation length
in the analytical model could contribute the differences. Second,
the second critical number NHete

cv;c2, which is the transition to the cap-
illary-dominated regime, turns out to be the most sensitive input in
the analytical model due to the empirical definition obtained from
the homogeneous results. Although this definition works reasonably
well for most of the sensitivity studies, it is not as accurate as the first
critical number; therefore the errors may propagate from the homo-
geneous cores to the heterogeneous cores.

In summary, even though the homogeneous semi-analytical
solution predicts numerical results very well over a wide range
of aspect ratios, validation of heterogeneous semi-analytical solu-
tion with different core dimensions is important and needed to test
the 2D heterogeneous model. Applying the semi-analytical solu-
tion to the experimental systems for studying multiphase flows
for a wide range of fluid pairs, geometric configurations and rock
properties is another way to test the model. In addition, investiga-
tion of upscaling strategies in the transition between regimes is
very useful for increasing the computational speed of high-resolu-
tion reservoir simulations. The results have relevance for under-
standing reservoir-scale processes, particularly at the sub-grid
scale, where intra-grid block processes may have an influence on
flow and transport parameterizations.

5.1. Procedures for using the analytical solutions

In this section, instructions for how to use the semi-analytical
solutions for predicting average saturations and flow regimes dur-
ing homogeneous and heterogeneous core floods are provided.
First, the following input parameters are required from experimen-
tal data: porosity, permeability, capillary pressure curve, relative
permeability function. If your core is relatively homogeneous
(rlnk/ln keff < 0.05), the average saturation can be predicted quite
well based on the homogeneous analytical solution (Eq. (2)):

� First determine SBL based on fractional flow curves.
� Calculate all the relevant dimensionless numbers based on Eq.

(2b–d).
� Obtain the average saturation for the homogeneous cores based

on Eq. (2a).
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To predict the average saturation for moderately to highly
heterogeneous cores (0.05 < rlnk/lnkeff < 0.5):

� First determine the heterogeneous factor rlnk/ln(keff).
� Calculate SHete

BL using Eq. (15).

� Once we obtain SHete
BL , we can evaluate h1 = SHete

BL =SBL.

� Calculate s = h�x=e
1 , two critical numbers, and C1

Hete based on Eqs.
(13, 14) and Table 7.
� Calculate dimensionless numbers such as Rl, Ncv, NB

� Finally obtain the average saturation for the heterogeneous
cores based on Eq. (12a).

In brief, we provide an analytical solution to predict the brine
displacement efficiency for heterogeneous cores based on the cal-
culated dimensionless group. For relatively homogeneous core
(rlnk/lnkeff < 0.05), the average saturation can be predicted quite
well based on the homogeneous analytical solution. For moderate-
ly to highly heterogeneous cores (rlnk/lnkeff > 0.05), the theoretical
solution is provided and can be estimated qualitatively.

6. Conclusions

This paper addressed fundamental studies of multiphase flow of
CO2 and brine in heterogeneous porous media at the core-scale
both numerically and analytically. The combined influence of grav-
ity, flow rate and small scale heterogeneity on core-scale multi-
phase flow of CO2 and brine is an active and important research
area needed to predict CO2 storage efficiency in deep saline
aquifers.

In this work, we developed and investigated new analytical
techniques to study the balance of three forces as well as the
sub-core heterogeneity in multiphase flow system. All the impor-
tant parameters such as the degree of heterogeneity, gravity, size
of the porous medium etc. are considered in the model. The solu-
tion has been compared with 3D high-resolution simulations to
study the effects of viscous force, buoyancy force, capillary force
as well as capillary heterogeneity on two-phase immiscible flow.
The proposed 2D semi-analytical technique predicts the brine dis-
placement efficiency for 3D two-phase flow simulations very well
when the Bond number ranges from 0.02 to 0.2 and the degree of
heterogeneity rlnk/lnkeff smaller than 0.5. Theoretical predictions
match the corresponding simulation results very well for all the
sensitivity cases performed in this study.

The following conclusions are drawn from this study of the 3D
numerical results and the semi-analytical models:
1. Capillary number Ncv is a better dimensionless number to distin-

guish the transitions when considering capillary heterogeneity.
2. Capillary heterogeneity not only reduces the average saturation

in the viscous-dominated regime but also increases the flowrate
dependency, which implies that higher flow rates are required
to reach the viscous-dominated regime. In addition, a higher
degree of heterogeneity (higher rlnk/lnkeff) results in smaller
critical numbers, a lower average saturation in the core and
larger flowrate dependency of brine displacement efficiency.

3. A new semi-analytical solution has been developed and pro-
vides a quick and easy way to estimate the flow regimes for
horizontal core floods even if the porous medium is heteroge-
neous. A general solution and a specific solution at core-scale
were provided for further development and investigation.

4. Having a semi-analytical solution provides a useful tool for
investigating multiphase fluid displacement efficiency over a
wide parameter space of practical interest. The new semi-ana-
lytical solution can be used to estimate the average saturation
over a wide range of conditions in terms of several important
dimensionless numbers such as mobility ratio, average satura-
tions in the viscous-dominated regime (SHete

BL ), relative perme-

ability to gas evaluated at SHete
BL , normalized standard deviation

(rlnk/lnkeff), aspect ratio Rl, Bond number NB and capillary num-
ber Ncv.

5. A summary of how to use analytical solution was provided. The
semi-analytical solution for the homogeneous cores can be used
to predict displacements in cores with small degrees of hetero-
geneity. For cores with a greater degree of heterogeneity, a
modification of the solution is provided that is capable of pre-
dicting average saturations even with a high degree of
heterogeneity.

6. Similar to the homogeneous solution, practical applications
include helping to design core flood experiments, including
assuring that relative permeability measurements for the
heterogeneous cores are made in the viscous dominated regime,
evaluating potential flow rate dependence, influence of core-di-
mension on a multiphase flow experiments, influence of fluid
properties on the experiments, and most importantly, influence
of sub-core scale heterogeneity.
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Appendix A. 2D analytical derivation for the heterogeneous
model

A.1. General solution

Substituting xD = x/L, zD = z/H, tD = tut/uL, s(xD, zD) = sqrt(k/keff)
and pc(Sw) = p�c JðSwÞ=s into Eq. (3), the dimensionless mass conser-
vation equation at steady-state becomes

@

@xD
f CO2
þ Ngv

@

@zD
f wkrgs2� �

¼ Ncv

R2
l

@

@xD
f wkrgs2 @J=s

@xD

� �
þ Ncv

@

@zD
f wkrgs2 @J=s

@zD

� �
ðA-1Þ

Assuming that all the variables are continuously differentiable.
Differentiate the capillary terms

@J=s
@xD

¼ � @SG
@xD

J0

s
� J

s2

@s
@xD

and
@J=s
@zD

¼ � @SG
@zD

J0

s
� J

s2

@s
@zD

ðA-2Þ

where J0 = dJ/dSw = �dJ/dSG. Substituting Eq. (A-2) into (A-1) and
using the definition of Ms = fwkrg, H = �fwkrgJ0 = �MsJ0 and
G = fwkrgJ = MsJ, then we can rewrite the steady-state mass balance
as follows, which is already shown in Eq. (6)):
@

@xD
f CO2
þ Ncv

R2
l

G
@s
@xD

" #
þ Ncv

@

@zD
NBðf wkrgs2Þ þ G

@s
@zD

	 


¼ Ncv

R2
l

@

@xD
Hs @SG

@xD

� �
þ Ncv

@

@zD
Hs @SG

@zD

� �
ð6Þ

The gradients of heterogeneity are defined as follows:

@s
@xD
� sx and

@s
@zD
� sz ðA-3Þ

Substituting back into Eq. (6), and the left hand side becomes
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LHS ¼ @SG
@xD

d
dSG

f CO2
þ Ncv

R2
l

Gsx

" #
þ Ncv

@SG
@zD

d
dSG

NBMss2 þ Gsz
� �

ðA-4Þ

Apply the definition of F1, F2, and F3 used in Kuo and Benson
[21]: F1 � dfCO2=dSG, F2 � dMs=dSG, and F3 � J0fwkrg = �H, then

LHS ¼ @SG
@xD

F1 þ
Ncv

R2
1

d
dSG

G
� �

sx

" #
þ Ncv

@SG
@zD

NBF2s2 þ d
dSG

G
� �

sz

	 

ðA-5Þ

Differentiate the function G

d
dSG

G ¼ d
dSG
ðMsJÞ ¼ �MsJ

0 þ JF2 ¼ H þ JF2 ðA-6Þ

Combine LHS and RHS of Eq. (6) into x-dependent and z-depen-
dent terms:

Ncv

R2
1

@SG
@xD

R2
1

Ncv
F1 þ ðH þ JF2Þsx

" #
� @

@xD
Hs @SG

@xD

� �( )

þ Ncv
@SG
@zD

NBF2s2 þ ðH þ JF2Þsz
� �

� @

@zD
Hs @SG

@zD

� �
 �
¼ 0 ðA-7Þ

Define

G1 ¼
R2

1

Ncv
F1 þ ðH þ JF2Þsx and G2 ¼ NBF2s2 þ ðH þ JF2Þsz ðA-8Þ

We can rewrite Eq. (A-7) into a simpler form:

Ncv

R2
1

G1
@SG
@xD
� 1

G1

@

@xD
Hs @SG

@xD

� �
 �

þ NcvG2
@SG
@zD
� 1

G2

@

@zD
Hs @SG

@zD

� �
 �
¼ 0 ðA-9Þ

Since

1
G1

@

@xD
Hs @SG

@xD

� �
¼ @

@xD

Hs
G1

@SG
@xD

� �
� @

@xD

1
G1

� �
Hs @SG

@xD

� �

1
G2

@

@zD
Hs @SG

@zD

� �
¼ @

@zD

Hs
G2

@SG
@zD

� �
� @

@zD

1
G2

� �
Hs @SG

@zD

� �
ðA-10Þ

To simplify, we assume that the heterogeneity factor s(xD, zD) is
the first order of magnitude of xD and zD, therefore the gradients of
heterogeneity sx and sz are independent of xD and zD respectively.
In addition, J function, F1, F2 and H are only dependent on the
saturation SG, therefore

@

@xD

1
G1
¼ � 1

G2
1

@G1

@xD
¼ � F2sx

G2
1

@J
@xD
¼ F2sxJ0

G2
1

@SG
@xD

@

@zD

1
G2
¼ � 1

G2
2

@G2

@zD
¼ �NBF2

G2
2

@s2

@zD
� F2sz

G2
2

@J
@zD

¼ �2sszNBF2

G2
2

þ F2szJ0

G2
2

@SG
@zD

ðA-11Þ

Eq. (A-11) is neglected since they are secondary effects, then Eq.
(A-9) becomes

Ncv

R2
1

G1
@

@xD
SG� Hs

G1

@SG
@xD

� �
þ NcvG2

@

@zD
SG� Hs

G2

@SG
@zD

� �
¼ 0

ðA-12Þ

We assume that the dependence of the steady-state solution SG
on xD and zD is separated, that is:
SGðxD; zDÞ ¼ XðxDÞZðzDÞ ðA-13Þ

Ncv

R2
1

G1

X
@

@xD
X � Hs

G1

dX
dxD

� �
þ NcvG2

Z
@

@zD
Z � Hs

G2

dZ
dzD

� �
¼ 0 ðA-14Þ

To satisfy Eq. (A-14), which implies

X � Hs
G1

X0 ¼ const � c1ðzDÞ ) X ¼ AðzDÞe
G1
HsxD þ c1ðzDÞ

Z � Hs
G2

Z0 ¼ const � c2ðxDÞ ) Z ¼ BðxDÞe
G2
HszD þ c2ðxDÞ ðA-15Þ

where A(zD) and c1(zD), B(xD) and c2(xD) are parameters dependent
on zD and xD respectively. Substituting Eq. (A-15) into Eq. (A-13)
yields the steady-state saturation as

SGðxD; zDÞ ¼ C1ðxD; zDÞe
G2
HszD þ C2ðxD; zDÞ

h i
e

G1
HsxD

þ C3ðxD; zDÞe
G2
HszD þ C4ðxD; zDÞ ðA-16Þ

C1, C2, C3 and C4 are functions of xD and zD. Since H = �F3, a � F1/
F3, and b � F2/F3, and assume e = Jb � 1, then we can obtain

G1

Hs
¼

R2
1

Ncv
F1 þ ðH þ JF2Þsx

�F3s
¼

R2
1

Ncv
aþ ð�1þ JbÞsx

�s
¼ � R2

1

Ncv

a
s
� e

sx

s

G2

Hs
¼ NBF2s2 þ ðH þ JF2Þsz

�F3s
¼ NBbs2 þ ð�1þ JbÞsz

�s
¼ �NBbs� e

sz

s
ðA-17Þ

Use the previous definitions (Eq. (A-3)) and define the two log-
normal heterogeneity terms

sx

s
¼ 1

s
@s
@xD
¼ @ ln s

@xD
� ðln sÞx and

sz

s
¼ 1

s
@s
@zD
¼ @ ln s

@zD

� ðlnsÞz ðA-18Þ

Therefore, we can rewrite the solution Eq. (A-16) as

SG ¼ C1e�eðlnsÞzzD e�eðln sÞxxD|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}e�sNBbzD þ C2e�eðln sÞxxD|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
	 


e�
1
s

R2
1

Ncv
axD

þ C3e�eðln sÞzzD|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl} e�sNBbzD þ C4 ðA-19Þ

or

SG ¼ CHete
1 e�sNBbzD þ CHete

2

� �
e�

1
s

R2
1

Ncv
axD þ CHete

3 e�sNBbzD þ C4 ðA-20Þ

with coefficients

CHete
1 ¼ C1e�eðln sÞzzD e�eðlnsÞxxD ;

CHete
2 ¼ C2e�eðln sÞxxD and CHete

3 ¼ C3e�eðlnsÞzzD ðA-21Þ
A.2. Analytical solution with simulation constraints

To eliminate some of unknown coefficients, we apply the con-
straints from simulations (Eq. (8) and (9)) to the general equation.
First, the average CO2 saturations are independent of capillary
number Ncv when Ncv 6 Ncv,c1:

@�SCO2

@Ncv
! 0) e�

1
s

R2
1

Ncv
ax0;D ! 0 ðA-22Þ

Therefore, in the viscous-dominated regime, Ncv 6 Ncv,cl, the
core average saturation becomes

�SCO2 ! CHete
3 e�sNBbz0;D þ C4 ¼ C3e�eðlnsÞzz0;D e�sNBbz0;D þ C4 ðA-23Þ



Table B1
Summary of sensitivity studies for different heterogeneous models.

Rl keff (md) rlnk/ln(keff) Ncv,c1 Ncv,c2 x e

Homo 3.1445 430 0 886 3621 – –
Random 2 3.1445 430 0.0419 826 3322 – –
K-C 3.1445 430 0.0455 606 2293 – –
H-C 3.1445 318 0.1667 177 664 129 2.8
Random 3 3.1445 366 0.2317 167 521 51 3.2
Random 4 3.1445 254 0.4793 133 215 27 2.6
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Second, the average saturation in this regime is also indepen-
dent of Bond number, which leads to

@�SCO2

@NB
¼ @C3

@NB
� sbz0;DC3

� �
e�eðln sÞzz0;D e�sNBbz0;D þ @C4

@NB
! 0 ðA-24Þ

Solving for

C3 ¼ const 	 esNBbz0;D ¼ C3;0esNBbz0;D and C4 ¼ const ¼ C4;0

ðA-25Þ

C3,0 and C4,0 are constants. Therefore, the average saturation in
the viscous-dominated regime (Eq. (A-23)) is simplified to

�SCO2 ! C3;0e�eðln sÞzz0;D þ C4;0 ðA-26Þ

For the homogeneous core, s = 1, (lns)x = (lns)z = 0, the average
saturation in the viscous-dominated regime is Buckley–Leverett
solution, which results in C3,0 + C4,0 = SBL. For mathematical conve-
nience, assume C4,0 = 0, then C3,0 = SBL. We can obtain the average
CO2 saturation for the heterogeneous core in the viscous-dominat-
ed regime:

SHete
BL � h1ðsÞSBL where h1ðsÞ � e�eðlnsÞzz0;D ðA-27Þ

Since h1(s) 6 1, the average saturation for the heterogeneous
cores is lower than the Buckley–Leverett solution SBL, which is con-
sistent with the simulation results. The deviation of saturation from
Buckley–Leverett solution is dependent on the degree of hetero-
geneity, (lns)z, mainly the gradient of heterogeneity in the vertical
direction. Eq. (A-27) also implies that strong heterogeneity results
in the lower CO2 saturation. Now we can rewrite Eq. (A-20) as

�SCO2 ¼ CHete
1 e�sNBbz0;D þ CHete

2

� �
e�

1
s

R2
1

Ncv
ax0;D þ SHete

BL ðA-28Þ

For the homogeneous cores, Eq. (A-28) can be reduced to

�SCO2 ¼ C1e�NBbz0;D þ C2
� �

e�
R2

1
Ncv

ax0;D þ SBL ðA-29Þ

When Bond number equals to zero (g = 0), the average satura-
tions are observed to be a constant SBL [20], which results in
C2 = �C1. Putting this constraint back to the coefficients defined
in Eq. (A-21) yields:

CHete
1 ¼ C1e�eðlnsÞzzD e�eðlnsÞxxD ; CHete

2 ¼ �C1e�eðln sÞxxD ðA-30Þ

Define

h2ðsÞ � e�eðlnsÞxx0;D ðA-31Þ

Substituting h1, h2, and Eq. (A-30) back to Eq. (A-28), then we
can obtain

�SCO2 ¼ C1h2ðsÞðh1ðsÞe�sNBbz0;D � 1Þe�1
s

R2
1

Ncv
ax0;D þ SHete

BL ðA-32Þ

Eq. (A-32) can be reduced to the homogeneous results [21]
when s = 1:

�SCO2 ¼ C1 e�NBbz0;D � 1
� �

e�
R2

1
Ncv

ax0;D þ SBL ðA-33aÞ

where

C1 ¼
C11

NB
; ax0;D � d1

Ngv ;c1

NB
and bz0;D �

d2

Ngv;c2
ðA-33bÞ

and hence give us the expressions for the coefficients C1, ax0,D and
bz0,D. Substituting Eq. (A-33b) into Eq. (A-32), the final equation
for evaluating the average CO2 saturation can be written as follows:

�SCO2 ¼
C11

NB
h2h1 e

�sNB
d2

Ngv;c2

� �
� 1

h1

" #
e
�1

s
R2

1
Ncv

d1
Ngv ;c1

NB

� �
þ SHete

BL ðA-34Þ
Define

CHete
1 � C11h2ðsÞh1ðsÞ

NB
; NHete

cv;c1 �
Ngv;c1

sNB
¼ Ncv;c1ðSHete

BL Þ
s

and

NHete
cv ;c2 �

Ngv;c2

sNB
¼ Ncv;c2ðSHete

BL Þ
s

ðA-35Þ

Finally, a more compact form in terms of critical numbers can
be rearranged:

�SCO2 ¼ CHete
1 e

� d2
NHete

cv ;c2 � SBL

SHete
BL

 !
e�d1

R2
1

NHete
cv ;c1

Ncv þ SHete
BL ðA-36aÞ

NHete
cv ;c1 ¼

1
sNB

f CO2
R1

krgðSHete
BL Þ

and NHete
cv ;c2 ¼

1
sNB

aR3=2
1

SHete
BL

ðA-36bÞ
A.3. Heterogeneous factor, rlnk/ln(keff)

In this section, we want to rewrite all the heterogeneous terms
such as s, h1(s) and h2(s) in terms of the known factor, rlnk/ln(keff).
Assuming the heterogeneity changed in the x and z direction, (lns)x

and (lns)z are proportional to the rlnk/ln(keff) respectively with pro-
portional factors b1 and b2:

ðln sÞz �
@ lns
@zD

¼ b2
rlnk

lnðkeff Þ
and ðlnsÞx �

@ ln s
@xD

¼ b1
rlnk

lnðkeff Þ
ðA-37Þ

Specifically, for random fields, the change rate of heterogeneity
in both x and z direction should be the same, therefore the propor-
tional factor b1 is equal to b2. Since for the homogeneous core,
rlnk = 0, s = 1, and (lns)x = (lns)z = 0, we can solve lns and s in
terms of the function rlnk/ln(keff):

lns ¼ b2
rlnk

lnðkeff Þ
zD þ b1

rlnk

lnðkeff Þ
xD ðA-38aÞ

s ¼ e
b2

rlnk
lnðkeff Þ

zD þ b1
rlnk

lnðkeff Þ
xD ¼ e

ð1þ b1xD
b2zD
Þb2zD

rlnk
lnðkeff Þ ðA-38bÞ

Both Eq. (A-37) and Eq. (A-38) satisfy the homogeneous
requirement. Substituting Eq. (A-37) into the definitions of h1(s)
and h2(s) yields

h1ðsÞ � e�eðlnsÞzz0;D ¼ e
�eb2

rlnk
lnðkeff Þ

z0;D and

h2ðsÞ � e�eðlnsÞxx0;D ¼ e
�eb1

rlnk
lnðkeff Þ

x0;D ðA-39Þ
Therefore we can rewrite CHete

1 in terms of s:

CHete
1 � C11h2ðsÞh1ðsÞ

NB
¼ C11

NB
s�e ðA-40Þ
Appendix B

B.1. Parameter tables for heterogeneous cores

See Tables B1–B3



Table B2
Summary of sensitivity studies for High Contrast models (HC).

Rl f CO2
keff (md) r (mN/m) rlnk/ln(keff) x e

Base (k, r) 3.1445 0.95 318 22.47 0.1667 129 2.8
10k 3.1445 0.95 3180 22.47 0.1191 97 3.3
0.1k 3.1445 0.95 31.8 22.47 0.2776 148 3
r/3 3.1445 0.95 318 7.49 0.1667 104 2.9
3r 3.1445 0.95 318 67.41 0.1667 157 3.2
0.79f 3.1445 0.79 318 22.47 0.1667 80 3.16
0.51f 3.1445 0.51 318 22.47 0.1667 67 3.4
0.34f 3.1445 0.34 318 22.47 0.1667 63 3.5
2L 6.2890 0.95 318 22.47 0.1679 210 2

Table B3
Summary of sensitivity studies for Random 3 models.

Rl f CO2
keff (md) r (mN/m) rlnk/ln(keff) x e

Base (k, r) 3.1445 0.95 366 22.47 0.2317 51 3.2
10k 3.1445 0.95 3660 22.47 0.1667 42 5
0.1k 3.1445 0.95 36.6 22.47 0.3800 58 2.5
r/3 3.1445 0.95 366 7.49 0.2317 45 4
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